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, Coxeter rigidity .
, Coxeter Coxeter .
Definition1.1. $S$ $m:S\cross Sarrow \mathrm{N}\cup\{\infty\}$
.
(1) $s_{)}t\in S$ $\backslash$ $m($ S, $t)=m($t, $S)$ ,
(2) $s\in S$ $\mathrm{b}^{\mathrm{a}}$ $m$ ( s, $s$ ) $=1$ ,
$(3)$ $s,$ $t\in S$ [ $m($ S, $t)\geq 2$ .
$S$ $m$ [
$W=$ ( $S|(st)^{m(s,t)}=1$ for $s,t\in S\rangle$
$W$ Coxeter , $(W, S)$ Coxeter .
,
(4) $s,$ $t\in S$ $m(s, t)=2$ or oo
, $(W, S)$ right-angled Coxeter .
Coxeter parabolic .
Definition L2. Coxeter $(W, S)$ $S$ $T$ , $W_{T}$ $T$
$W$ . $W_{T}$ parabolic .
Remark. Coxeter $(W, S)$ $S$ $T$ , Cox-
eter If $W\mathrm{b}^{\mathrm{g}}$




$W_{T}=\langle$ $T|(st)^{m|\tau\cross T(s,t)}=1$ for $s,t\in T\rangle$
(cf. [B]). , $(W_{T}, T)$ Coxeter
.
Coxeter , Coxeter diagram .
Definition1.3. , , edge
$\Gamma$ , edge 2
$\Gamma$ Coxeter diagram .
Coxeter $(W, S)$ , Coxeter diagram $\Gamma(W, S)$
:
(1) $\Gamma(W, S)$ vertex set $S$ .
(2) $s,t\in S$ , $m(s,t)<\infty$ $s$ $t$ edge
.
(3) $s,$ $t\in S$ , $s$ $t$ edge $\mathrm{A}\mathrm{a}$ , edge
$m$ (s, $t$ ) .
, Coxeter diagram Coxeter .
Coxeter Coxeter diagram
Coxeter , ,
(: . Coxeter simplicial complex
$L$ (W, $S$) CAT(0) $\Sigma(W, S)$ .
Definition 1.4. Coxeter $(W, S)$ , simphcial complex $L$ (W, $S$ )
:
(1) $L$ (W, $S$ ) vertex set $S$ .
(2) $S$ $T$ , $W_{T}$ $L$ (W, $S$) simplex
.
Definition 1.5. $(W, S)$ Coxeter . , $W$
$L$ (W, $S$) cone $CL(W, S)$ $|CL(W, S)|$ $W\cross|CL$(W, $S$ ) $|$
$\sim$ :(w1, $x_{1}$ ), (w2, $x_{2}$ ) $\in W\cross|CL$ (W, $S$ ) $|$
$(w_{1}, x_{1})\sim(w_{2}, x_{2})\Leftrightarrow x_{1}=x_{2}$ and $w_{1}^{-1}w_{2}\in W_{V(x_{1})}$ ,
$V(x)=$ { $s\in S|x\in \mathrm{S}\mathrm{t}(s,$ $\mathrm{s}$d $L$ (W, $S$) $)$ }. , St(s, $\mathrm{s}\mathrm{d}L(W,$ $S)$ )
$L$ (W, $S$) $\mathrm{s}\mathrm{d}L$(W, $S$) $s$ closed star ,
$\Sigma$ (V, $S$) $:=(W\cross|CL(W, S)|)/\sim$
, Davis-Vinberg complex . $\Sigma(W, S)$ ( contractible
([D1]), 1-skeleton $W$ $S$ Cayley graph CW-
complex ([D2]) . ,




Definition 1.6. CAT(0) $X$ , $X$ $X$
$X=\cdot${ $\xi$ :[0, $\infty)arrow X$ geodesic ray $|\xi(0)=x\mathrm{o}$ }
. $x_{0}\in X$ . $X$ $x_{0}$
([BH]).
Coxeter .
Definition L7. Coxeter $(W, S)$ CAT(0) $\Sigma(W, S)$
$\Sigma(W, S)$ Coxeter $(W, S)$ .




Example 1( $[\mathrm{B}$ , p.38 Exercise 8]). Figure 1 diagram
Coxeter .
6
FIGURE 1. Two distinct Coxeter diagrams for $D_{6}$




FIGURE 2. Coxeter diagrams for isomorphic Coxeter groups
Coxeter [B] ,
, ,
$’\supset$ . Coxeter rigidity
.
Problem (Charny and Davis [CD]). Coxeter Coxeter
. , Coxeter Coxeter
Coxeter , A.N.Dranishnikov .
Rigidity Conjecture (Dranishnikov [Dr]). Coxeter $(W, S),$ (W’, $S’$ )
, Coxeter $W$ $W$’ , $\Sigma(W, S)$ $\partial\Sigma(W’, S’)$
1
rigidity , Coxeter right-angled
, D.Radclife , Tits (cf. [Br2, p.50])
.
Theorem 2.1 ([H1]). Coxeter $(W, S),$ (W’, $S’$ ) , Coxete $r$ $W$
$W$’ $(W, S)$ right-angled , $(W, S)$ $(W’, S’)$ [ Coxeter
. , $\Sigma(W, S)$ $\Sigma(W’, S’)$ .
, right-angled Coxeter , Coxeter
. , Dranishnikov rigidity conjecture ,
right-angled $\triangleright\mathrm{a}$ $\backslash$ .
3. 2 DAVIS-VINBERG $\mathrm{C}$OMPLEX COXETER
Coxeter rigidity , .
A.Kaul ([K]) .
73
Theorem 3.1 (Brady, McCammond, M\"uhlherr and Neumann [BMMN]).
Coxeter $(W, S),$ (W’, $S’$ ) $\vee$ )
$f$ Coxete $r$ $W$ $W’$ ,
$s,t\in S$ $\mathrm{A}\backslash \text{ }$ order $o(st)$ , :
(1) $|S|=|S’|_{1}$
(2) $\{o(st):s, t\in S\}=\{o(s’t’):s’, t’\in S’\}$ .
, $\dim\Sigma(W, S)=2$ , .
Theorem 3.2 ([H2]). Coxeter $(W, S),$ (W’, $S’$ ) $\}$ , Coxete $r$ $W$
$W$’ $\dim\Sigma(W, S)=\dim\Sigma$ (W’, $S’$ ) $=2$ , :
(1) $|S|=|S’|$ ,
(2) $\{o(st):s,t\in S\}=$ {o(s’t’): $s’,t’\in S’$}.
Remark.
$\dim\Sigma(W, S)=\max${ $|T|$ : $W_{T}$ $T\subset S$}
, , $\dim\Sigma(W, S)=2$ .
(1) $s,$ $t\in S$ $o(st)$ .
(2) $s,$ $t\in S$ $\backslash$ $\mathrm{o}(st)\geq 3$ .
(3) $(W, S)$ Coxeter diagram tree .
, (1) , Theorem 3.2 Theorem .3.1
.
Coxeter $(W, S)$ , $wsw^{-1}$ ( $w\in W_{:}s$ \in S) $W$
reflection , reflection $R_{S}$ .
Example 1 , Coxeter reflection $Rs$
, Example 2 . , Example 2 Coxeter
, diagram twisting .
.
Conjecture (Brady, McCammond, M\"uhlherr and Neumann [BMMN]).





Theorem 3.3 (M\"uhlherr and Weidmann [MW]). $(W, S),$ (W, $S’$) Cox-
ete $r$ . $s,$ $t\in S$ $\Downarrow\backslash$ $o(st)\geq 3$ , $R_{S}=R_{S’}$
, $(W, S)$ $(W, S’)$ diagram twisting .
74
, Theorem 3.2 , Theorem 3.3
.
Problem. $(W, S),$ (W, $S’$ ) Coxeter . $\dim\Sigma(W, S)=2$ , $R_{S}=$
$Rs$’ , $(W, S)$ $(W, S’)$ diagram twisting
4. STRONG RIGIDITY $\text{ }$ STRONG REFLECTION RIGIDITY
Coxeter , strong rigidity strong reflection rigidity
.
Definition 4.1. $W$ Coxeter . $W$ Coxeter $(W, S),$ (W, $S’$)
, $w\in W$ $S=wS’w^{-1}$ , $W$ strongly
rigid $\mathrm{V}^{\mathrm{a}}$ .
, $(W, S)$ Coxeter , $(W, wSw^{-1})$ Coxeter
.
Strong rigidity , .
Theorem 4.2 (Charney and Davis [CD]). Coxeter $(W, S)$ , $\Sigma(W, S)$
manifold , Coxete $r$ $W$ stron$gly$ riid .
strongly reflection rigid 4 $\mathrm{a}$ .
Definition 4.3. $(W, S)$ Coxeter . $Rs=R_{S’}$ Coxeter
$(W, S’)$ , $w\in W$ $S=wS’w^{-1}$ , $(W, S)$
strongly reflection rigid 4 .
strong rigidity strong reflection rigidity $\vee$ $\vee$ ‘ , dihedral
Coxeter , .
Theorem 4.4 ([H3]). $S=\{s, t\}$ , dihedral Coxete $r$
$D_{m}=\langle S|s^{2}=t^{2}=(st)^{m}=(ts)^{m}=1\rangle$
( $m\geq 2$) . .
(1) Coxeter $(D_{m}, S)$ strongly reflection rigid $m\in$
$\{2,3,4,6\}$ .
(2) Dihedral Coxeter $D_{m}$ strongly rigid { $m\in$ {3,4}
.
75
{ strong rigidity strong reflection rigidity
.
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